This work analyses types of group actions on families of t-dependent vector fields of a particular class, the hereby called quasi-Lie families. We devise methods to obtain the defined here quasi-Lie invariants, namely a kind of functions constant along the orbits of the above-mentioned actions. Our techniques lead to a deep geometrical understanding of quasi-Lie schemes and quasi-Lie systems giving rise to several new results. Our achievements are illustrated by studying Abel and Riccati equations. We retrieve the Liouville invariant and study other new quasi-Lie invariants of Abel equations. Several Abel equations with a superposition rule are described and we characterise Abel equations via quasi-Lie schemes.
Introduction
The theory of Lie systems investigates a class of non-autonomous systems of first-order ordinary differential equations, the Lie systems, admitting a superposition rule, i.e. a function permitting us to describe the general solution of such a system in terms of a generic family of particular solutions and some constants [12, 16, 36, 48] . Lie systems have been attracting attention due to their geometric properties and applications [8, 16] .
Despite providing useful geometric methods to study Lie systems and possessing many applications, the theory of Lie systems presents an important drawback: just a few, but important, systems of differential equations can be studied through this theory [16, 31] . To employ the theory of Lie systems for analysing more general systems, the notion of quasi-Lie scheme emerged [9] . This concept led to the description of new and known properties of non-linear oscillators [9] , second-order Gambier equations [13] , Emden-Fowler equations [14] , second-order Riccati equations [15] , dissipative Milne-Pinney equations [16] , Abel equations [17] , etc.
Roughly speaking, quasi-Lie schemes describe the transformation properties of certain collections of non-autonomous systems of first-order ordinary differential equations of a particular kind, the so-called quasi-Lie families, under the action of a related group of t-dependent changes of variables [9, Theorem 1] . As a simple application, this enables us to map Abel equations onto Abel equations providing methods to integrate them [17] .
Many procedures developed to study the integrability of a non-autonomous system of differential equations of a certain sort, e.g. Abel equations, rely on mapping it onto an autonomous and easily integrable one of the same type by transformations generally provided in an ad hoc way. Meanwhile, the theory of quasi-Lie schemes may naturally provide answers to these questions [17] , e.g. it justifies geometrically the group of transformations employed to study Abel equations [17] . Since such answers depend only on the algebraic/geometric structure of the system of differential equations under study, the so found properties can easily be generalised to other systems of differential equations with a similar structure.
As a first new result, we succeed in characterising groups of t-dependent transformations mapping elements of a quasi-Lie family onto other (possibly the same) members of the quasi-Lie family: the socalled structure preserving groups of the quasi-Lie family. The elements of such a group of transformations, the Lie almost symmetries, can be considered as a generalisation of the well-known Lie symmetries. Our new theory recovers as particular cases the (extended) quasi-Lie schemes groups for quasi-Lie schemes described in [9, 14] . We also succeeded in describing the whole family of t-dependent transformations mapping Abel equations onto Abel equations adding details not discussed in [17] .
Next, we characterise Abel equations as elements of the quasi-Lie family associated with a quasi-Lie scheme. This shows that many of the properties of Abel equations are essentially algebraic and geometric and are due to the structure of a quasi-Lie scheme. This motivates to define new structures related to quasi-Lie schemes: quasi-Lie schemes morphisms, the representation associated with a quasi-Lie scheme, etc. On the one hand, these notions enlarge the theoretical content of the theory of quasi-Lie schemes. On the other hand, we generalise the so-called hierarchies of Lie systems given in [5] and we extrapolate the results on integrability of Abel equations to other equations, e.g. Lotka-Volterra systems, and vice versa.
Another important question is whether we can connect two elements of a quasi-Lie family by means of a Lie almost symmetry. To provide necessary conditions for the existence of such a Lie almost symmetry, we define the quasi-Lie invariants of a quasi-Lie family, i.e. functions mapping each element of the quasi-Lie family onto a t-dependent function that is the same for all elements connected by a Lie almost symmetry.
We describe and analyse different types of quasi-Lie invariants and we characterise them in geometrical and algebraics terms. As an application, we retrieve the known Liouville invariant of Abel equations and we prove the existence of other new quasi-Lie invariants.
The study of Abel equations is currently a very active field of research that aims, for example, to determinate their integrability conditions, exact solutions, and general properties [3, 22, 33, 38, 41, 44, 45, 46, 49] . For instance, Lie symmetries of Abel equations were studied in [32] . Their solutions via transformations y = u(x)z(x) + v(x) were investigated in [42] and through the referred to as Julia's condition in [6] ; equivalence and integrable cases are presented in [21] ; etc. Meanwhile, some solutions in closed form appeared in [39] and periodic solutions have been studied in [2] . Abel equations are also relevant for other mathematical problems like the centre problem for planar polynomial systems of differential equations [4, 7, 26, 27, 40] . Moreover, Abel equations are broadly used in Physics, where they describe the properties of a number of interesting physical systems [19, 23, 24, 25, 29, 34, 41, 44, 51] . For instance, Abel equations play a role in the analysis of cosmological models [28, 29, 50] and the theory of membranes in M -theory [23, 51] . Hence, the analysis of Abel equations is very relevant so as to determine the properties of the physical systems they describe.
The structure of our paper goes as follows. Section 2 contains the fundamental notions and results of the theory of Lie and quasi-Lie schemes that are used throughout this work. Sections 3 and 4 introduce structure preserving groups and Lie almost symmetries for quasi-Lie families. As a consequence, some results about the transformation properties of Riccati and Abel equations are retrieved. Sections 5 and 6 suggest new algebraic and geometric constructions for the study of quasi-Lie schemes and the systems of differential equations investigated by means of them. In Section 7 we study Abel equations through quasiLie schemes. Section 8 is devoted to the study of integrable Abel equations. We introduce and investigate quasi-Lie invariants in Section 9. Subsequently, Section 10 is aimed to study quasi-Lie invariants of order two. Our results in previous section are employed to analyse Abel equations in Section 11. Section 12 is devoted to studying quasi-Lie invariants of order one and zero and their use in the study of Abel equations. In Section 13 we summarise our results and sketch our future work.
Fundamentals notions on Lie systems and quasi-Lie schemes
Let us describe the fundamental results of the theories of Lie systems and quasi-Lie schemes used in this work (see [9, 12, 16] for details). To stress the main points of our presentation, we focus on systems of differential equations on vector spaces and assume all mathematical objects to be global and smooth. A rigorous theory on manifolds can easily be developed from our results.
Given the projection π : (t, x) ∈ R × R n → x ∈ R n and the tangent bundle projection τ : TR n → R n , a t-dependent vector field on R n is a mapping X : R × R n → TR n such that τ • X = π. Hence, every t-dependent vector field X is equivalent to a family {X t } t∈R of vector fields X t : x ∈ R n → X(t, x) ∈ TR n . An integral curve of X is a standard integral curve γ : R → R × R n of its suspension, i.e. the vector field X = ∂/∂t + X(t, x) on R × R n . Given a non-autonomous system of differential equations
we can define a unique t-dependent vector field on R n , namely
whose integral curves of the form (t, x(t)) are the particular solutions to (2.1). Conversely, given a generic t-dependent vector field (2.2) there exists a unique system of first-order differential equations, namely (2.1), whose particular solutions are the integral curves of X of the form γ : t ∈ R → (t, x(t)) ∈ R × R n . This is the referred to as associated system with X. This justifies to write X for both a t-dependent vector field and its associated system. Let us denote by X(R n ) and X t (R n ) the spaces of vector fields and t-dependent vector fields on R n , respectively. Each X ∈ X t (R n ) gives rise to a generalised flow g X , i.e. a mapping g
is the particular solution of the system associated with X with initial condition γ
We can write (see [9, Theorem 3 
whereh X * is the standard action of the diffeomorphismh X on vector fields of X(R × R n ). A Lie system is a non-autonomous system of first-order ordinary differential equations admitting a superposition rule, i.e. a map Φ :
. . , k n ), such that the general solution, x(t), of the system can be written as
where {x (a) (t) | a = 1, . . . , m} is any 'generic' family of particular solutions and k = (k 1 , . . . , k n ) is a set of n constants [10, 16] .
Superposition rules do not depend explicitly on t, which in physical motivated examples usually refers to the time. Hence, superposition rules only remain well defined under certain, very general, changes of variables, e.g. those of the form φ : (t, x) ∈ R×R n → (t ≡ φ 1 (t),x ≡ φ 2 (x)) ∈ R×R n for diffeomorphisms φ 1 and φ 2 . Indeed, a t-dependent change of variablesx = ϕ(t, x(t)) maps the initial Lie system onto a new one which does not need to admit a superposition rule [11] . Moreover, the t-independence of superposition rules is the key point to find their many properties, e.g. the Lie-Scheffers theorem (see [12] ).
Lie characterised systems (2.1) admitting a superposition rule [36] . His result, the Lie-Scheffers theorem [12] , states that a system X admits a superposition rule if and only if
3)
for certain t-dependent functions b 1 (t), . . . , b r (t) and a set {X (α) | α = 1, . . . , r} of vector fields generating an r-dimensional real Lie algebra: a Vessiot-Guldberg Lie algebra of X. In other words, X is a Lie system if and only if {X t } t∈R is contained in a finite-dimensional real Lie algebra of vector fields. The Lie-Scheffers theorem suggests us to define the following structure, which also occurs naturally when defining quasi-Lie schemes [9] .
Definition 2.1. We call quasi-Lie family the C ∞ (R)-module V of t-dependent vector fields X ∈ X t (R n ) taking values in a finite-dimensional vector space V of vector fields on R n . 
Given a quasi-Lie scheme S(W, V ), the quasi-Lie family V is 'stable' under the action of the elements of G W , i.e. g X ⋆ Y ∈ V, for every Y ∈ V and g X ∈ G W (see [9, Theorem 1] ). Consider a Lie group action Φ : G × R n → R n . The Lie algebra of fundamental vector fields of the action Φ will be denoted
To keep notation simple, we use g instead of Φ g when the meaning is clear.
Additionally, every curve g :
. In short, the curve g in G transforms every X ∈ X t (R) into a new one X ′ = g ⋆ X. Moreover, it was shown in [9] that
The finite-dimensional Lie algebra W of S(W, V ) can be integrated to give rise to a local Lie group action Φ : G W × R n → R n with T e G ≃ W . The Lie group action becomes global when the vector fields of W Φ are complete (cf. [16] ).
t-independent structure preserving groups
The Riccati equation is a Lie system on the real line related to a Vessiot-Guldberg Lie algebra V Ricc isomorphic to sl(2, R) [48] . Once that a one-point compactification of the real line is carried out, then becoming a circle S 1 , the V Ricc can be integrated to give rise to a Lie group action Φ : P SL(2, R)×S 1 → S 1 whose maps Φ g , with g ∈ P SL(2, R), transform every Riccati equation X ∈ V Ricc onto a new Riccati equation Φ g⋆ X ∈ V Ricc (cf. [18] ). In this section we aim to generalise and to study this result to quasi-Lie families. Each diffeomorphism Φ g can be understood as a generalisation of the symmetry notion for Riccati equations that, instead of mapping particular solutions of a Riccati equation onto particular solutions of the same Riccati equation, transforms solutions of a Riccati equation into solutions of another Riccati equation. This suggests us the following definition. Definition 3.1. A Lie group action Φ : G × R n → R n is a t-independent structure preserving group of transformations of the quasi-Lie family V if for every g ∈ G and X ∈ V, we have g ⋆ X ∈ V. In this case, we call each Φ g a Lie almost symmetry of X ∈ V.
To shorten the terminology, we frequently say structure preserving group instead of structure preserving group of transformations. Now, it is easy to prove the following result.
Moreover,
for every x ∈ R n where the right-hand side of the above expression converges.
A Lie group action Φ : G × R n → R n , with G being connected, is a t-independent structure preserving group of a quasi-Lie family V if and only if [W Φ , V ] ⊂ V . Indeed, if Φ is a t-independent structure preserving group for V, then every element of V is stable under the flow of every
Let us use the above property to enlighten results given by the theory of Lie systems. Consider the set of Riccati differential equations
with a 0 (t), a 1 (t), a 2 (t) being arbitrary t-dependent functions. Each such equation is described by a tdependent vector field X ∈ V Ricc ⊂ X t (R), with
It can be proved that the (local) Lie group action Φ : U ⊂ P SL(2, R) × R → R, where P SL(2, R) = SL(2, R)/{I, −I}, for I the 2 × 2 identity matrix I,
i.e. g is the equivalence class of a matrix of SL(2, R), the set U = {(g, x) ∈ P SL(2, R) × R | x = −δ/γ}, is such that for every g ∈ P SL(2, R) and X ∈ V Ricc , we have g ⋆ X ∈ V Ricc [18] . In other words, Φ is a t-independent structure preserving group of V Ricc and [W Φ , V Ricc ] ⊂ V Ricc . Indeed, it is easy to verify that W Φ = V Ricc (cf. [8] ). Now, a natural question arises: is there any other t-independent structure preserving group Φ 2 : G × R → R, with P SL(2, R) ⊂ G being connected and Φ 2 being effective, up to a zero measure subset of G, for V Ricc ? To answer the previous question, let us determine every Lie algebra W that satisfy that [W,
where ′ stands for the derivative in terms of x. So, f (x) = 3 α=0 c α x α for certain c 0 , c 1 , c 2 , c 3 ∈ R. From this and using that [X 1 , x 2 ∂/∂x] ∈ V Ricc , we obtain
Hence, c 3 = 0. Consequently, the largest Lie algebra W with [W,
This fixes the possible Lie algebras of fundamental vector fields of t-independent structure preserving groups for Riccati equations and the form close to the identity of the connected Lie group of the corresponding action. Likewise, we can analyse the first-order Abel equations of the first kind and degree q, namely
where f 0 (t), . . . , f q (t), are arbitrary t-dependent functions [1, 3] .
Remark 1. Our definition of Abel equations does not require f q to be different from the zero function as it appears in other works. Nevertheless, we can still prove similar results to those given in our work for these latter Abel equations by introducing minor modifications.
Abel equations are related to t-dependent vector fields of the quasi-Lie family V Abel with
We aim to determine a t-independent structure preserving group, i.e. the 'largest' finite-dimensional Lie algebra of fundamental vector fields W satisfying [W,
implies that f (x) must be a polynomial with a degree p ≤ q + 1. Moreover, X 1 must satisfy
≤ q for every k and the only possibilities are p = 0, 1. Hence, the largest Lie algebra
Integrating this Lie algebra, we obtain a structure preserving group for (3.5):
where R ⋊ R + denotes the semi-direct product Lie group with composition law
The above Lie group action of R ⋊ R + on R can be considered as a particular case of a new tindependent structure preserving group of V Abel based on R ⋊ R * , where R * ≡ R − {0}. To do so, we must find Lie almost symmetries ϕ : x ∈ R →x ∈ R of Abel equations which are not related to the previous structure preserving group. Each Lie almost symmetry for Abel equations obeys that ϕ * maps elements of V Abel onto elements of V Abel . Moreover, ϕ * is a C ∞ (R)-linear Lie algebra automorphism of X(R). So, the value ϕ * Y for any Y ∈ V Abel can be obtained from the value ϕ * Y 0 with Y 0 = ∂/∂x. In view of the previous facts and since the linear map ad Y0 :
then ad ϕ * Y0 must also be a nilpotent endomorphism when acting on V Abel . Thus, the only possibility is
the previous transformation is not one of the Lie almost symmetries of Φ Abel . Hence, we can enlarge Φ Abel to a Lie group action of G W Abel ≡ R ⋊ R * with composition law (3.7). This completely characterises the set of affine transformations employed to study all Abel equations [20] and fulfills the analysis given in [17] .
Structure preserving groups
The t-independent structure preserving groups are a natural particular case of a more general object, the hereafter defined structure preserving groups, that enable us to describe geometrically the transformations appearing in the theory of integrability of non-autonomous differential equations and Lie systems. More specifically, the set G of curves in a Lie group G is a group when endowed with the composition law:
where '·' denotes the composition law of G. The neutral element of (G, ⋆) is the constant curve t → e, with e being the neutral element of G. We showed in [9] that every curve in G acts on the space of t-dependent vector fields on R n and given two curves g and h in G, we have g ⋆ (h ⋆ X) = (g ⋆ h) ⋆ X. From this, every Lie group action Φ : G × R n → R n gives rise to a Lie group action Θ :
Definition 4.1. A Lie group action Φ : G × R n → R n is a structure preserving group of (transformations of ) a quasi-Lie family V if g ⋆ X ∈ V for every curve g in G and each X ∈ V. We call g ⋆ a Lie almost symmetry of V.
As before, we will simply say structure preserving group to simplify the notation, and in full similarity with the t-independent case, we can prove that an action Φ : G × R n → R n , with G being a connected group, is a structure preserving group of a quasi-Lie family V if and only if the pair (W Φ , V ) is a quasi-Lie scheme.
Consequently, every S(W, V ) defines a unique action, the hereby called action of the quasi-Lie scheme, Φ : G W × R n → R n , with G W being a simply connected Lie group with dim G W = dim W , whose fundamental vector fields are those in W . The elements of the group G of curves in G W give rise to a group of t-dependent transformations of R n of the form g :
The above construction can be extended to a Lie group action where G W is just connected. In this case, the group of curves in G W retrieves the so-called extended group of the scheme, Ext(W ), defined in [14] . Moreover, if we assume g 0 = e, the previous transformations give rise to the generalised flows of t-dependent vector fields of W , i.e. the group G W , introduced for the first time in [9] .
Let us illustrate the results of the previous section through the analysis of Abel equation of the first kind for q = 3. Nevertheless, results can straightforwardly be extended to q > 3.
As S(W Abel , V Abel ) is a quasi-Lie scheme, then Φ Abel given by (3.6) is a structure preserving group of transformations for Abel equations. That is, the t-dependent changes of variables induced by curves in R ⋊ R * , namely x(t) = α(t)x(t) + β(t) with α(t) = 0 for every t ∈ R, transform each X ∈ V Abel into a new t-dependent vector field of V Abel . Indeed, given a curve g
Therefore, the integral curves of g ⋆ X of the form (t,x(t)) are particular solutions of
As there is a group of t-dependent transformations related to each scheme, we can generalise the concept of quasi-Lie system given in [9] as follows: Definition 4.2. A system X ∈ V is a quasi-Lie system for S(W, V ) and a Lie group G W if there is a curve g in G W such that g ⋆ X ∈ V 0 ⊂ V, for a Lie algebra V 0 of vector fields.
If X is a quasi-Lie system with respect to S(W, V ), then the geometric properties of g ⋆ X, e.g. its superposition rules, can be studied through the theory of Lie systems. Posteriorly, the t-dependent change of variables induced by g can be used to recover the properties of X. Superposition rules for g ⋆ X need not give rise to superposition rules for X because the change of variables induced by g may be t-dependent.
Quasi-Lie families, representations and characterisation of Abel equations
Given the quasi-Lie family V related to S(W, V ), we can make use of S(W, V ) to define a new structure, the representation associated with the scheme, which is a key to study V. As an application, we characterise Abel equations of order q ≥ 3 as elements of the quasi-Lie family V related to a quasi-Lie scheme S(W, V ) on R with dim W = 2 and dim V = q + 1.
Definition 5.1. We call representation associated with S(W, V ) the Lie algebra morphism
where ad X1 : X 2 ∈ V → [X 1 , X 2 ] ∈ V and End(V ), i.e. the space of linear endomorphisms on V , is endowed with the Lie bracket given by the commutator of endomorphisms on V .
This leads to a Lie algebra representation of W on the space End(V ). Although ρ W,V is an algebraic concept, the elements of W and V are vector fields, which implies that this representation is also geometrical. It is also worth noting that the general theory of integration of Lie algebra homomorphisms proves that ρ W,V determines the action of the structure preserving group Φ :
Let us use above ideas to characterise Abel equations through quasi-Lie schemes. Proof. The direct part is a trivial consequence of our previous results. Let us prove the converse. Since we assume dim W = 2, then W must be either Abelian or isomorphic to Affin(R), namely the Lie algebra of vector fields corresponding to the Lie group action of affine transformations on the real line. Every Lie algebra of vector fields on the real line is locally isomorphic to a Lie subalgebra of sl(2, R). Hence, W cannot be Abelian and it admits a basis X 1 , X 2 obeying that [X 1 , X 2 ] = X 1 [30] . We can easily find a certain coordinate system on R driving a certain basis {X 1 , X 2 } of W with [X 1 , X 2 ] = X 1 into the form X 1 = ∂/∂x and X 2 = x∂/∂x. We can extend ad X1 to a unique C-linear mapping on the whole complexified vector space V C ≡ C⊗V . Since V C is a vector space over C, then ad X1 has at least an eigenvector, namely, a vector field
for a certain λ 0 ∈ C and λ 1 ∈ C\{0}. We fix λ 1 = 1 for simplicity. As X 1 is a real vector field and V C is closed under complex conjugation, we have thatZ 1 = eλ 0x ∂/∂x ∈ V C satisfies that Re(λ0)x e iIm(λ0)x ∂ ∂x ∈ V C , ∀n ∈ N.
For λ 0 = 0 the above vector fields generate an infinite-dimensional family of vector fields linearly independent over C belonging to V C . As V is finite-dimensional, this is impossible and λ 0 = 0. Since ad X1 is triangularizable on V C and its unique eigenvalue is zero, it must be a nilpotent endomorphism on V C and, as X 1 is a real vector field, on V . Hence, V takes the form (3.5) for a certain q ∈ N with q ≥ 3. This shows that every quasi-Lie scheme on the real line with dim W = 2 and dim V ≥ 4 must be of the above form S(W, V ) up to a change of variables. Since our t-dependent vector field X takes values in V , it must take the form of an Abel equation of degree p (up to a t-independent change of variables).
Algebraic morphisms of quasi-Lie schemes and Abel equations
Theorem 5.2 suggests that the properties of Abel equations must be encoded in the structure S(W Abel , V Abel ). Likewise, systems related to quasi-Lie schemes sharing the same structure will presumably have similar properties. This suggests us to define the following.
Definition 6.1. An algebraic quasi-Lie schemes morphism between two quasi-Lie schemes S(W 1 , V 1 ) and S(W 2 , V 2 ) is a linear mapping φ : V 1 → V 2 such that:
If φ(W 1 ) = W 2 and φ(V 1 ) = V 2 , we say that φ is an algebraic quasi-Lie schemes epimorphism. If φ is a linear monomorphism, we say that φ is an algebraic quasi-Lie schemes monomorphism. We say that φ is an algebraic quasi-Lie isomorphism if it is an algebraic monomorphism and epimorphism of quasi-Lie schemes.
The above definitions do not take into account the geometric nature of quasi-Lie schemes. That is why we call them algebraic. Despite that, they allow us to describe relevant transformation properties of quasi-Lie schemes. In view of previous definitions, we can prove quite easily the following result. Proposition 6.2. If φ : V 1 → V 2 is a quasi-Lie schemes morphism between S(W 1 , V 1 ) and S(W 2 , V 2 ), then S(φ(W 1 ), φ(V 1 )) and S(ker φ ∩ W, ker φ) are quasi-Lie schemes.
Observe that a quasi-Lie schemes epimorphism φ :
and S(W 2 , V 2 ) induces a Lie algebra epimorphism φ : W 1 → W 2 . Since W 1 and W 2 can be understood as the Lie algebras of G W1 and G W2 , which are now assumed to be simply connected, we can define a unique Lie group epimorphism Φ making commutative the diagram on the left. Using the above, we can prove the following theorem.
Theorem 6.3. Let φ : V 1 → V 2 be an algebraic epimorphism of quasi-Lie schemes S(W 1 , V 1 ) on N and
If X ′ = g ⋆ X = 0 and x(t) is a particular solution to X, then g(x(t)) is a particular solution to X ′ , namely g(x(t)) = x 0 ∈ N . Hence, x(t) = g −1 (x 0 ) is a particular solution to X and g −1 is, essentially, the generalised flow associated with X. According to Theorem 6.3, we have that Φ(g) ⋆ φ(X) = 0 and Φ(g)
is essentially the generalised flow of φ(X). Additionally, we can also prove that if X is a quasi-Lie system for S(W 1 , V 1 ), then φ(X) is a quasi-Lie system for S(W 2 , V 2 ). The above results retrieve as particular cases the findings about hierarchies of Lie systems in [5] .
Let us show an example of our previous results. Consider the system
where ξ = (x, y) ∈ R 2 and
This system of differential equations describes several cases of polynomial differential equations appearing in the XVI Hilbert's problem [35] . Moreover, the study of planar polynomial equations has also being attracting some attention [37, 47] . By defining S(W 2 , V 2 ) with W 2 = Z 0 , Z 1 and V 2 = Z 0 , . . . , Z 3 , we can establish an algebraic isomorphism of quasi-Lie schemes φ : V Abel → V 2 . In view of this and Theorem 6.3, every quasi-Lie system for S(W Abel , V Abel ), namely a certain Abel equation, is equivalent to a quasi-Lie system for S(W 2 , V 2 ).
Quasi-Lie systems and Abel equations
It is a well-known fact that two generic Abel equations cannot be connected through a t-dependent linear transformation of the form x(t) = α(t)x(t) + β(t), with α(t) = 0 [20] . This leads to the theory of integrable classes introduced in the classical theory of integrability of Abel equations. Roughly speaking, this theory analyses and uses the existence of a transformation of the above-mentioned form relating an initial Abel equation to an easier/integrable one to integrate the initial Abel equation [20] . Let us determine Abel equations that are quasi-Lie systems with respect to S(W Abel , V Abel ). More specifically, we search for t-dependent vector fields X ∈ V Abel admitting a curve g in G W Abel such that g ⋆ X ∈ V (2) µ , where V (2) µ is a Lie algebra spanned by the vector fields
The relevance of the Lie algebra V (2) µ is that every Lie algebra of vector fields in V is either one-dimensional or it is of the form V (2) µ (cf. [17] ). If g ⋆ X ∈ V (2) µ , then there exist functions λ 1 (t) and λ 2 (t) such that g ⋆ X = λ 1 (t)Z 1 + λ 2 (t)Z 2 . In order to determine g in an easy way, it becomes useful to write g =ḡ −1 in terms of a curveḡ(t) = (β(t), α(t)), i.e. x(t) = α(t)x(t) + β(t). In this manner, we obtain
We hereafter assume for simplicity that f 3 (t) > 0 for every t ∈ R. A similar procedure can be obtained for f 3 (t) < 0 for each t ∈ R. The first equation of the above system implies that the sign of λ 1 (t) is the same as the sign of f 3 (t) at every t ∈ R. Hence,
where, for the sake of simplicity, we choose α(t) > 0. Since α(t) = 0 and f 3 (t), then λ 1 (t) = 0 for every t ∈ R. Therefore,α
Using these results in (7.3)-(7.5), we obtain
where we recall that µ ∈ R. Assuming that µ = 0, the first expression of the preceding system allows us to obtain λ 1 in terms of β, µ and the t-dependent coefficients of the initial Abel equation. Moreover, above expressions and assumptions allow us to ensure that f 3 (f 2 + 3f 3 β) = 0. It follows that
(7.8)
Substituting λ 2 from the first expression into the second, we obtain that
If this integrability condition is satisfied, we can obtain λ 2 by substituting any function β = −f 2 /(3f 3 ) in the first equation within (7.8) . From β and λ 2 , the function λ 1 can be derived from the first equation in (7.7). Then, α can be determined by means of (7.6).
If we assume µ = 0, the first equation within (7.7) shows that β = −f 2 /(3f 3 ). This and the third relation in (7.7) imply that β is a particular solution of the initial Abel equation. By using this, it can be proved that the coefficients of the Abel equation satisfy (7.9). Moreover, the value of λ 1 (t) can be chosen an arbitrary positive function. Next, α(t) can be obtained from (7.6) and λ 2 (t) from (7.7).
Summarising, we have proved the following remarkable theorem. Remark 3. In the coordinate system z ≡ x + µ, we have that Z 1 = (z 3 − 3µ 2 z)∂/∂z and Z 2 = z∂/∂z. Hence, every Lie system of the form Z = a 1 (t)Z 1 + a 2 (t)Z 2 can be written as a Bernoulli equation. As a consequence, the Abel equations satisfying the condition (7.10) can easily be integrated.
Let us study the second type of quasi-Lie systems for S(W Abel , V Abel ), namely those X ∈ V Abel which can be mapped onto a Lie system related to a one-dimensional Vessiot-Guldberg Lie algebra through a curve g ∈ G W Abel . In other words, there exists a curve g ∈ G W Abel such that g ⋆ X = ξ(t)( 3 α=0 c α Y α ) for certain constants c 0 , . . . , c 3 ∈ R and a t-dependent function ξ(t). That is, we have that
Since α(t) = 0, then c 3 = 0. As a consequence, ξ = f 3 α 2 /c 3 and we see that
Assuming that c 2 = 0, we have that 3f 3 β + f 2 = 0 and the first expression of the preceding system allows us to obtain
From the second equation, we can express the value ofβ in terms of β, f 0 , . . . , f 3 and the constants c 0 , . . . , c 3 . Substituting the corresponding expression ofβ in the first one, we obtain that β(t) is a solution of a third-degree polynomial with respect to β(t) and coefficients given by f 0 (t), . . . , f 3 (t) and c 0 , . . . , c 3 . This shows that β(t) = F (f 0 (t), . . . , f 3 (t), c 0 , . . . , c 3 ), (7.14) for a certain function F . This β gives rise to a solution of system (7.13) if and only if it satisfies the second differential equation in (7.13). Since β is of the form (7.14), this happens when the functions f 0 , . . . , f 3 , and the constants c 0 , . . . , c 3 , determining the transformed Abel equation obey a certain condition. 
This gives the transformation x(t) = α(t)x(t) + β mapping the first Abel equation onto the Lie system with Vessiot-Guldberg Lie algebra V .
Integrability of some Abel equations
Theorem 8.1. The knowledge of a particular solution of an Abel equation allows us to transform it into the canonical form
Proof. Using (4.1), we see that if we construct a t-dependent change of variables x(t) = α(t)x(t) + β(t) with β(t) being a particular solution of the Abel equation (3.4), then transformed Abel equation has, in view of (7.5), the t-dependent functionf 0 (t) = 0. From (4.1) we see also thatf 1 (t) becomes equal to zero for α(t) satisfying the easily integrable differential equation:
Hence, the above t-dependent change of variables maps (3.4) onto
Finally, the t-parametrisation τ = t f 3 (t ′ )α 2 (t ′ )dt ′ transforms this equation into the canonical form (8.1). When the transformation property of our quasi-Lie scheme can be used to relate an equation of the form (3.4) with an integrable one, the initial equation can be solved. It can be proved that we can use our quasi-Lie scheme for Abel equations to study also the integrability of Riccati and linear differential equations. The key point is mapping Eq. (4.2) onto an integrable Lie system by means of a t-dependent change of variables induced by a curve g in the group G W Abel of S(W Abel , V Abel ). In this way, some results of [18] are recovered.
Quasi-Lie invariants
Consider the Abel equation of first-order and first-kind related to the vector field X = 
The map
for every g ∈ G W Abel and X ∈ V Abel , i.e. F Abel takes the same value on the elements of V Abel connected by an element of G W Abel [43, pg. 181] . So, if two Abel equations associated with the t-dependent vector fields X and Y can be connected through an element of G W Abel , the function F Abel must be the same for both. This can be employed to easily determine when two Abel equations are not connected.
In this section, we aim to use the theory of quasi-Lie schemes to study invariant functions like F Abel . As a result, we devise a method to easily obtain in a geometric way such invariants and to generalise such results to other systems of differential equations. Definition 9.1. A quasi-Lie invariant relative to G W is an F ∈ Map(V, C ∞ (R)) invariant under the action of the elements of G W , i.e.
We see from Definition 9.1 that F Abel is a quasi-Lie invariant relative to S(W Abel , V Abel ).
Remark 4.
To simplify the notation, we omit referring specifically to G W when the group G W is understood from context. Lemma 9.2. The space I(W, V ) is a vector space relative to the standard sum of functions and their multiplication by real numbers. The space (I(W, V ), ⋆) becomes an R-algebra with unity relative to the product
The following proposition, whose proof is straightforward, describes an operator that allows us to obtain new quasi-Lie invariants in terms of known ones. 
is a derivation of the R-algebra (I(W, V ), ⋆).
Since every Lie system X is described by a t-dependent vector field taking values in a Vessiot-Guldberg Lie algebra V , there always exists a t-dependent change of variables mapping X onto another Lie system X taking values in V . As a consequence, we can prove the next proposition showing that Lie systems only admit trivial quasi-Lie invariants.
Proposition 9.4. If a quasi-Lie scheme S(V, V ) on a manifold N admits a quasi-Lie invariant F , then F (X) = F (X) for every X,X ∈ V.
A quasi-Lie invariant F is said to be constant when F (X) is the same for each X ∈ V. Example 1. Each Riccati equation is described by a t-dependent vector field X taking values in the Vessiot-Guldberg Lie algebra V Ricc given by (3.3). We know that S(V Ricc , V Ricc ) is a quasi-Lie scheme. Every X ∈ V Ricc can be mapped onto any other Riccati equations through the action of a curve in SL(2, R) on V Ricc (cf. [16] ). Hence, as F takes by definition the same value on those X connected by a curve of SL(2, R), then F has the same value on the whole V Ricc and becomes constant.
Subsequently, we focus on the hereafter called quasi-Lie invariants of order p. We say that F :
where t p t X is the p-order tangent vector at t of the curve X ∈ V and T p V is the p-order tangent space to V , namely the manifold of all t p t X for a fixed t.
To establish a coordinate system on T p N , for N being a manifold, we need to use a connection ∇. Nevertheless, as we aim to study T p V , for V being a vector space, we may just assume ∇ ∂/∂yα ∂/∂y β = 0, where y 1 , . . . , y r are the coordinate system with respect to the basis {X 1 , . . . , X r } of V , to obtain 10 Quasi-Lie invariants of order two Let us provide a criterion to characterise the existence and to derive quasi-Lie invariants up to secondorder. Next, we prove that Abel equations admit only four functionally invariant quasi-Lie invariants of order two containing, as a particular instance, the invariant Φ 5 3 /Φ 3 5 known by Liouville. The description of higher-order quasi-Lie invariants can be approached in the same way, but we left their specific study for a future work.
A quasi-Lie invariant F of order two is an element of Map(V, C ∞ (R)) for which there exists a function ϕ F : T 2 V → R satisfying that
Let us determine the conditions ensuring that F is a quasi-Lie invariant of order two. A continuation, we assume V to be endowed with a connection ∇ establishing a diffeomorphism T 2 V ≃ V 3 , which allows us to use local coordinates in higher-order tangent bundles. Proofs of following lemmas are not displayed as they are immediate after some calculations.
is a Lie group action relative to the Abelian Lie group structure of
is a Lie group action relative to (R, +). Proof. In view of (10.1), determining the conditions ensuring that F (X) = F (g ⋆ X) for every X ∈ V and g ∈ G W amounts to proving that ϕ F t 2 t0 g ⋆ X = ϕ F t 2 t0 X , for every t ∈ R, X ∈ V and g ∈ G W . Let us analyse the above condition for four particular types of curves in G W . This will give us some necessary conditions for ϕ F to give rise to a quasi-Lie invariant of order two.
Consider the curve g 
The invariance of F under such a curve leads to 
As a consequence,
0 W . So, ϕ F is invariant under the vector field associated with the flow T 2 . Theorem 9.6 entails ϕ F is constant along the orbits of J 2 and T 2 , which amounts to saying that ϕ F is a common first integral for the fundamental vector fields of V J 2 and V T 2 .
The above results show that if F is a quasi-Lie invariant of order two, then ϕ F must be a common first integral of the elements of V J 2 , V T 2 , V T2 and the vector fields associated with the flows T L with L ∈ W .
Let us prove the converse, namely, if F is of the form (10.1) and ϕ F is invariant under the actions and vector fields mentioned above, then F is a quasi-Lie invariant of order two.
Recall that every element of G W can be written in an open interval around t 0 in the form
Using the Taylor expansion for the functions λ α (t) around t = t 0 , we see that
where
. . , r and λ j i ∈ R with i = 1, . . . , r and j = 1, 2. Taking into account that ϕ F is invariant under the action J 2 , we get that
for every g 0 ∈ G and X ∈ V. Hence, F (X) = F (g 0⋆ X) for all g 0 ∈ G and X ∈ V. Since ϕ F is invariant under the action of every T Y 1 and in view of (10.4), we have
As ϕ F is invariant under the action of T 2 and in view of (10.5), then
Similarly, as ϕ F is invariant under T 2 , we obtain that
Using (10.7)-(10.9) and decomposition (10.6), we get that F (X)(t 0 ) = F (g ⋆ X)(t 0 ). This holds for any point t 0 . So, F (X) = F (g ⋆ X) and F is a quasi-Lie invariant of order two.
Quasi-Lie invariants of first-order for Abel equations
Let us prove that Abel equations admit, apart from the quasi-Lie invariant developed by Liouville, other three functionally independent ones. The quasi-Lie invariants for Abel equations of order two must satisfy that their corresponding ϕ F must be a first-integral of:
1. The fundamental vector fields of the actions T 2 and J 2 given by (9.2)-(9.3) for p = 2. First, the fundamental vector fields of the Lie group action J 2 are spanned by
is a non-Abelian two-dimensional Lie algebra. Subsequently, the fundamental vector fields of the action T 2 are linear combinations of
which generate a two-dimensional Abelian Lie algebra. The commutators between the elements of the bases of the two above Lie algebras read:
So, they span a four-dimensional Lie algebra. Every fundamental vector field of T 2 (0, L, 0), ·), with L ∈ W Abel , is a linear combination of The above vector fields (11.1)-(11.5) span an integrable distribution of rank eight on a manifold of dimension twelve. So, there must be at least four local integrals which give rise to quasi-Lie invariants. One of them is the one known due to Liouville, i.e. F = Φ Observe that F does not depend on λ Our geometric approach shows that there are more quasi-Lie integrals of order two apart from Liouville's one. These invariants are also geometric: any other system of differential equations with an isomorphic algebraic quasi-Lie scheme have the same quasi-Lie invariants.
12 Quasi-Lie invariants of order lower than two and Abel equations A quasi-Lie invariant of order zero (resp. one) can be considered as a quasi-Lie invariant of order two whose ϕ X : T 2 V → R depends only on V (resp. T V ). Hence, these quasi-Lie invariants can be characterised by restricting Theorem 10.3 to these types of ϕ F as follows. 
with T 0 W = {t t0 Y ∈ T W |Y (t 0 ) = 0}, and the vector fields corresponding to the flows
Let us apply the above theory to show that Abel equations do not admit smooth non-constant quasi-Lie invariants of orders zero and one. From the calculations of the above section, we get t 
Conclusions and Outlook
We have defined and studied the representation associated with a quasi-Lie scheme, algebraic morphisms of quasi-Lie schemes, structure preserving groups and Lie almost symmetries for quasi-Lie families. This retrieved the hierarchies of Lie systems devised in [5] . We have also defined, studied and applied quasi-Lie invariants. We provided a geometric characterisation of some of these quasi-Lie invariants.
As an application, we proved that Abel equations can be characterised as elements of a quasi-Lie scheme. The transformations to study Abel equations have appeared as a consequence of the scheme. Using morphism of schemes, we generalised properties of Abel equations to other differential equations on the plane. We found that the Liouville invariant is a quasi-Lie invariant for Abel equations and we prove the existence of some new ones.
In the future, we aim to continue studying quasi-Lie schemes and to apply our results to Abel equations, Schrödinger equations and to study other types of quasi-Lie invariants.
